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Abstract. In this work, we consider a spatially homogeneous Kac's equation with a non 
cutoff cross section. We prove that the weak solution of the Cauchy problem is in the 
Gevrey class for positive time. This is a Gevrey regularizing effect for non smooth initial 
datum. The proof relies on the Fourier analysis of Kac's operators and on an exponential 
type mollifler. 



1. Introduction 

In this work, we consider the following Cauchy problem for spatially homogeneous non 
linear Kac's equation, 



(1.1) 



% = K(f, f), v 6 R, t > 0, 
f\t=0 = fo ■ 



where / = f(t , v) is the nonnegative density distribution function of particles with velocity 
v e R at time t. The right hand side of equation dl.lt is given by Kac's bilinear collisional 
operator 

K{f, g)= f f ' mW.)gW)-f{v.)g{v)\dOdv., 

Jr J -njl 

where 

v' — v cos 9 - v* sin 9, v' t = v sin 9 + v» cos 9. 

We suppose that the cross-section kernel is non cut-off. To simplify the notations, we 
suppose (see QUI for the precise description of cross-section kernel) that 

I cos 9\ n 7T 

(1.2) 8(0) = C - \-!T, — <9<-, 

V ' H ' |sin6»| 1+2s 2 2 

where < s < 1 and Co > 0, then 

-vr/2 

P{9)d9 = +oo, 

-71/2 

and 

Xn/l 
B{6) \9\d9 = C s < +oo, < s < 1/2, 
n/2 
~n/l 



f 

J -71 



(1-3) 



Xn/Z 
nil 



B{8) 9 2 d9 = C s < +oo, < s < 1. 



Date: Revision - 25/08/2009. 

2000 Mathematics Subject Classification. 35A05, 35B65, 35D10, 42A38, 60H07, 82B40. 
Key words and phrases. Non-cutoff Kac's equation, Boltzmann equation, Gevrey regularizing effect, Cauchy 
problem, Fourier analysis. 

1 



2 



N. LEKRINE AND C.-J. XU 



Hereafter, use the following function spaces: For 1 < p < +00, { e R, 

i?(R) = (/; n/11/.f = ( J \{v) e f{v)\ p dx) l!p < +™\ 

where <v> = (1 + |v| 2 ) 1/2 . 

L log L(R) = {/; ||/|| ilogi = J |/(v)|log(l + |/(v)l)rfv < 

For fe, e R, 

ff*(R) = j/e5'(R);(v//e^W}- 
We assume that the initial datum fo ^ satisfies the natural boundedness on the mass, 
energy and entropy, that is, 

(1.4) fo > 0, f / (v)(l + |v| 2 + log(l + /o(v))W < +». 

Jr 

In J7|, L. Desvillettes has proved the existence of a nonnegative weak solution to the 
Cauchy problem ( II. lb . (see also IfTTI by using a stochastic calculus), 

(1.5) /eZ,"([0,+oo[;4' 



if fo € Li(R) for some k > 2. The weak solution satisfies the conservation of mass 



(1.6) f(t,v)dv= f (v)dv, Vf>0, 

Jr Jr 

the conservation of energy 

(1.7) f f(t,v)\v\ 2 dv = f f (v)\v\ 2 dv, Vr>0, 
Jr Jr 

and also the entropy inequality 

(1.8) f f(t,v)logf(t,v)dv< f /o(v)log/ (v)dv, V?>0, 



but does not conserve the momentum. 

L. Desvillettes proved also in Q (see also IfTOi ), the C m -regularity of weak solutions if 
fo e Li(R) for any { e N. This regularizing effect properties is now well-known for non 
cut-off homogeneous Boltzmann equations (see also ir3ll4ll9l [T3ll ). 

In this work, we consider the higher order regularity, the Gevrey regularity of solutions 
of the Cauchy problem dl.lt . We start by recalling the definition of the Gevrey class 
functions, u e G"(R") (the Gevrey class function space with index a), if for a > 1, there 
exists C > such that for any k e N, 

\\D k u\\ L 2 m < c k+ \k\y, 

or equivalently, there exists co > such that e c °^" a u e L 2 (R"), where 
(D) = (1 + ID/)'/ 2 , II^H^j = J] \\lfut L2m . 

Note that G (R") is the usual analytic function space. If < a < 1, the above definition 
gives the ultra-analytical function class. Recall that we give here the Gevrey class functions 
on R", and so we can use the Fourier transformation and give an equivalent definition by 
using a Fourier multiplier e c "^ ° , we can also replace L 2 -norm by L^-norm. 
Our result on the Gevrey regularity can be stated as follows. 
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Theorem 1.1. Assume that the initial datum fa e L\ +2s ^Llog L(&), and the cross-section 
B satisfy (O) with < s < \. For To > 0, iff e L°°([0,T ];Ll +2s n L log L(R)) is a 
nonnegative weak solution of the Cauchy problem ( I7.7D . f/ien /or any < \' < 5, f/iere 
ex/sfs < r» < Tq such that 

/(f,-)eG*(R) 

/or any < ? < T„. 

Remark 1.2. 77ze above results is a smoothing effect property in the Gevrey class for the 
Cauchy problem. We suppose nothing about regularity and high order moment controls for 
the initial datum. 

Recall that Kac's equation is obtained when one considers radially symmetric solutions 
of the spatially homogeneous Boltzmann equation for Maxwellian molecules (see J7J). 
The Cauchy problem for the spatially homogeneous Boltzmann equation is defined by : 

(1-9) ^ = Q(g,g), veR\ f>0; g\ t=0 =go, 

where the Boltzmann collision operator Q(g, f) is a bi-linear functional given by 

(1.10) Q(g,f)= f f B(v-v t ,o-){g(v'Jf(v')-g(v»)f(v)}dcrdv», 

Jr 3 Js 2 

for cr € S 2 and where 

, v + V* |v — v»| , v + v» |v — v»| 

v = 1 cr, v, = cr . 

2 2*2 2 

The non-negative function B(z, cr) called the Boltzmann collision kernel depends only on 
|z| and the scalar product < cr >. In most of the cases, the collision kernel B can not be 
expressed explicitly. However, to capture its main property, it can be assumed to be in the 
form 

B(\v-v»\,cos0) = <b(\v-v»\)b(cos6), cos 6 = < V ~ V * , cr), --<B<-. 

|v — v*| 2 2 

The Maxwellian case corresponds to O = 1 . Except for hard sphere model, the function 
b(cos 8) has a singularity at 8 — 0. We assume that 

(1.11) sin#»(cos<9) * K6~ x - 2s when 8 -> 0, 

where Zf>0, < s < 1 . Remark that the solution of Boltzmann equation satisfies also the 
conservation of mass, energy and the entropy inequality. 

A function g is radially symmetric with respect to v e R 3 , if it satisfy the property 

g(t,v) = g(t,Av), veR 3 

for any rotation A in R 3 . We proved the following results. 

Theorem 1.3. Assume that the initial datum go 6 L l 2+li; Pi LlogL(R 3 ),go > is radially 
symmetric. Let O = 1 and let b satisfy ftl.lli with < s < ~. If g is a nonnegative radially 
symmetric weak solution of the Cauchy problem ( 17.91 ) such that g e L°°(]0, +oo[; L l 1+2s n 
LlogL(R 3 )), then 

g(t, OeG f 

for any t > and any < s' < s. 
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Remark that for the non cut-off spatially homogeneous Boltzmann equation, we have 
the H°° -regularizing effect of weak solutions (see also [12] [13] SJ). Namely if / is a 
weak solution of the Cauchy problem dl.9t and the cross section b satisfy ( 11. lU . then we 
have f(t, ■) e H +O0 (W) for any < t. 

Notice that, for the Boltzmann equation, the local solutions having the Gevrey regu- 
larity have been constructed in |[T6l for initial data having higher Gevrey regularity, and 
the propagation of Gevrey regularity for solutions of Boltzmann equation is studied in JS). 
The result given here is concerned with the production of the Gevrey regularity for weak 
solutions whose initial data have no assumption on the regularity. This regularizing effect 
property of the Cauchy problem is analogous to the results of lfl3l where linearized Boltz- 
mann equation is considered. In fl4l . we have the ultra-analytical regularizing effect of the 
i 

Cauchy problem in G ! (R ) for the homogeneous Landau equations, which is optimal as 
seen from the Cauchy problem of heat equation. 

2. Fourier analysis of Kac's operators 

We will now be interested in studying the Fourier analysis of the Kac's collision op- 
erator. This is a key step in the regularity analysis of weak solutions. For simplification 
of notations, we use (■ , •) instead of (■ , -)l 2 (r v )- We have firstly the following coercivity 
estimate deduced from the non cut-off of collision kernel. 

Proposition 2.1. Assume that the cross-section is non cut-off, satisfies the assumption 
( 17721 Let f > 0,f + 0,/ e Lj(R) n L log L(R), then there exists a constant c f > 0, 
depending only on f3, \\f\\ L i, and WfWiLogL, such that 

(2-1) - (K(f, g), g) > c f \\g\\ 2 HS{Rr) - c\\f\y \\gf L2 

for any smooth function g e H (R). 

Remark 2.2. In the proof of Proposition 12. 7 1 , the following properties are essential (see 
(44) in m) 

(H-l) there exists a r > such that Jj 1 , eR .| 1 ,| <r )/( v )^ v — f ll/llz. 1 

(H-2) there exists a 6 > such that J A f(v)dv < j\\f\\i} for any measurable set A c R 
satsifying \A\ < 6. 

As stated in Lemma 2.2 of \d>\(p.l738), Lebesgue's dominated convergence theorem 
shows that both properties follow only from the assumption f € L . However, the proof of 
Theorem U . H and Theorem U .3\ require that r and 6 can be chosen uniformly with respect to t 
ifProposition \2.l\ is applied to solution fit, v). Under the conservation of mass M.6\ , (H-l ) 
and (H-2), respectively, follow from ( 17.71 ) and A1.8j , respectively. In the proof of Theorem 
17.61 the property (H-2) will be checked directly without the entropy inequality (see Lemma 
\5l\below). 

Recall the following weak formulation for collision operators 

(K(J,g),h)= ff fy(0)f(v«)g(v){Kv')-h{v))d0dv t dv, 
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for suitable functions /, g, h with reals values. Then 

( - K(f, g), g) = i Jfj^ £ mf<y.)(g(y) - g(yjfd6dv*dv 

-\ff R2 f ] /W(v*)(g(v') 2 - g(v) 2 )d0dv t dv . 

The second term of right hand side can be estimated by using the Cancellation lemma of 
Q]. But in the Maxwellien case, by an appropriate change of variable, we then have, 



\ ^ tl{0)f(v*)(g{v') 2 - g(v) 2 )d8dv t dv 

i ff P mf(y*)g(yf(—-i)dedvjv 

ff JT* | sin(0)|" 1_2i | sin(^)|W)lg(v) 2 ^v^v 



< C 

< C||/|| L ,||g||2 2 . 

The coercivity term in H" is deduced from the following positive term, 

\ f f] mf(v*)(g(v') - g(v)fd6dv t dv. 

Here we need the Bobylev formula, i. e. the Fourier transform of collision operators : 

(2.2) r(K(f, g))(g) = ^f] m (/(f sin 6)g(£ cos 9) - /(0)£(£)} dO , 

for suitable functions / and g and by using both properties (1) and (2) and the unifom 
integrability of (see fUEJEl). F rom tne above formula, we can get also the following 
upper bound estimates (see fi"2"l[T3"l ). For m, ( e R, and for suitable functions /, g, we have 



(2.3) 

where a + = max{a, 0). 



\\K(f, g)\\H 7 (R r) < C||/|| iJ++2s(Rv) ||g||^ +(Ilv) : 



To study the Gevrey regularity of the weak solution, as in |[T3l [T4l . we consider the 
exponential type mollifier. For < 5 < 1 , cq > and < s' < s, we set 



G s (t, £) = 



e 



fo'<f> 2 ' 



where 

Then, for any < 5 < 1 , 

(2.4) 

and 

(2.5) 



<#=(1+|£| 2 )2, ^1. 
G 6 (t, & e L ra (]0, 



limG tf (/, £) = e 



Denote by Gg(t, D v ), the Fourier multiplier of symbol Gs(t, f), 

G s g(t, v) = G s (t, D v )g(t, v) = Tfl v (G s (t, 0g(f,0). 
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Then our aim is to prove the uniform boundedness (with respect to < 5 < 1) of the term 
\\Gs(t, D v )f{t, -)IIl 2 (R) for the weak solution of the Cauchy problem d 1 - lb - In what follows, 
we will use the same notation G§ for the pseudo-differential operators Gs(t, D v ) and also 
its symbol Gs(t,£). 

Lemma 2.3. Let T > 0, Co > 0, We have that for any < 6 < 1 and < t < T, £ e R 

\d t G 6 (t,f)\ < c^) 2s ' G s (t^), 
\d s GsQ.Q\ < 2s'c t(£) 2s '- 1 G d (tS 

and 

\d]G s {t,t)\<C(t) 2{2s '- l) G s {t,t) 

with C > independent of 5. 

In fact, we have the following formulas 

(2.6) d,Gs(t,t) = c {t) 2s 'G s (t,{) 



1 + <5e''°'<f> 2 "' ' 

1 



(2.7) dfG e (t t Q = 2s'c t(l + Ifl 2 )'" 1 ^^ - 

1 + 5e c «'^ > 



and 



\2 1 — Se c "'^ 2s 

d 2 G s (t,t) = (2s' c t (I + \t\ 2 Y'- l {) G s (t,£) ■ 



(2.8) {l+SeroXV) 

+ 2s' c f((l + l^l 2 )^ 1 + 2(s' - Dfil + W 2 y'- 2 )G s (t,0 - l — — . 

Lemma 2.4. There exists C > such that for all < 6 < 1 and £ e R, we have, 

(2.9) |G,(0 - G 6 ({cos6)\ < Csm 2 (6/2)(& 2s 'G s (£cos6)G s (Zsm0), 
and 

(2.10) \(d f G s )(& - (<%G a )(f cos0)| < Csm 2 (e/2)^y 4s '- l) *G d ^cos6)G^sme), 
where (4s' - 1) + = max{4/ - 1,0). 

Proof. For the estimate ( 12.91 ), we have, by using the Taylor formula 

G s (g) - G 6 (£ cos 6) = (£ - £ cos 0) f (d ( G a )(t; cos + t(£ - £ cos 0))rfr 

Jo 

where £ T = £ cos + r(£ - £ cos 0). Then d2.7t implies 

|G,.*(£) - Ga(f, £cos 0)| < 4/ c t £| sin 2 (0/2) f G a (f, ^rf^dr . 

Jo 

For < r < 1 and -7r/4 < 6» < 7r/4, 
V2 

— £| < \&\ = |£cos0 + r(£-£cos0)| < £|, 
which implies, for < 2s' < 1, that there exists C s < > such that 

{{r) 2S ' < it) 2 *' , {&) 2S '- 1 <C S (Z) 2S '- 1 . 

On the other hand, Gg(t,^) = Gg(t, |£|) is increasing with respect to |£|, since for £ > 0, 
d ? G s (t,0 >0, then 

Ga(», f T ) < G tf (t, 0. 
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By using 

|£| 2 = |<fcos6»| 2 + |£sin6)| 2 , 

and 

(1 +a + bf s ' < (1 + af s ' + (1 + b) 2s ', (1 



we get 
(2.11) 
Thus 



+ 6e°)(l + Sef 3 ) < 3(1 + 8e a+l3 ), 
G s (g)Z3Gg(g cos0)G*<£ sin 9). 



\G S (0 - G e (£ cos 0)| < C sm 2 {0/2)(O 2s 'Gdt cos 6)G S (£ sin 6). 
We have proved the estimate (|2.9l l when \6\ < n/4. If n/4 < \9\ < n/2, we have 

\G S (0 - GM cos 0)\ < \Gg(&\ + cos 0)| < 2|G 5 (^)| 
< 6 G l5 (£ cos 0)G tf (£ sin 8) < C sin 2 (0/2) G tf (£ cos &)G S (£ sin 0). 

For the estimate (12.101 1, by using dZ8l ). we have that if |0| < 7r/4, 

|(5 f G a )©-(3 f Ga)(^cos0)|= (£-£cos0) f (diG s )({ T )dr 

Jo 

< C\%\ sin 2 (0/2) f Gs(^r)dT 

Jo 

< C sin 2 (6>/2) {^'"^(f sin0)G ff (f,£cos0). 

The case n/4 < \9\ < n/2 is similar to d2.9l ). Thus, we have proved Lemm d2~4l □ 

We now study the commutators of Kac's collision operators with the above mollifier 
operators. 

Proposition 2.5. Assume that < s' < 1/2, Let f,g e L 2 (R V ) and h e H S '(R V ), then we 
have that 



have that 
(2.12) 
and 



\(G s K(f,g), h)-(K{f,G s g), h)\ 
< C\\G s f\\q m l|G^|| H / (R) ||/i|| H / (R 



\kvG s )K(f,g), h)-(K(f,(vG s )g), h)\ 

(2.13) |V ' v n 
<C([|/[| i|(R) + [|G,/|| L?(R) ) ||G^|| H 

Proof. By definition, we have, for a suitable function F, 

(2.14) T{G 5 F){Z) = G 5 {t,Z)P(g), 



and 
(2.15) 
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By using the Bobylev formula (12.2b and the Plancherel formula, 
(2n) l ' 2 [(G s K(f,g), h)-(K(f,G s g), h)} 
= JJ_l mGm{fiZ sin cos 0) - f(0m)}deMg)d£ 

= f f 2 P(8)f(Z sin 6){G 6 ({) - G s (£ cos 6)}g({ cos 8) kj)d6d^ . 

The above formula can be justified by the cutoff approximation of collision kernel f3(ff), 
then d2.91 l and ( 11.3b imply 

\(G s K(f,g), h)-(K(J,G s g), h)\ 

<C f r 2 /3(0)sin 2 (0/2)|G^sine)/(^sin0)| 



X |G tf (f COS0)|(f cos 0)| <£> 2/ |A(f)|</0</f 



<C|||G 5 /|| L » (Rf) I £(0)sin 2 (0/2) 



\l/2 

<£> 2y |G^cos0)|(£cos0)| 2 ^ 

/ 

2/ 



Xi sin C0/21 

« m \co S e\^'°' deU ' Y Gs ^m \\h\\ H ,' m 

<C|||G,/|| Lf(Rv) ||G^|| w 
where we have used the following continuous embedding 

4(R)ct'(R), a>l/2. 

We have proved (12.12b . 

To treat ( 12.13b . by using ( 12.15b . we similarly have, 

(2ny /2 {((vG s )K(f,g), h)-(K(f,(vG s )g), h)} 

- /(f sin 0)!F((v G tf ) cos 0)} kf) d£d0 
=i \ \ 0(9) sin (<%/)(£ sin 0)G 5 (£)£(? cos 0) £f£rf0 

+i ff_] sin 0){<%(G*(£f cos 0)) - («% (G 5 g))(t cos 0)} ^) </0 

= (/) + (//)■ 
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For the term (/), we have 

W\ < f [' m I sin fll \(d(f)(£ sin 0)1 fieti cos fi)|(f cos ff)\ d^dQ 

+ f f 2 j6(0)| sin 0| sin 0)[ |g«(0 - G*(f cos 0)||£(£ cos 0)| | df dfl 

Jr { J-f 1 1 

< h+h- 

Firstly, ( 11.3b with the hypothesis < s < 1/2 implies that 

h < Pf/lb-ay f f * m\ sin 01 |G tf (f cos 6) £(f cos 0)| df rffl 

J]R f J-f 

X ( J* |G tf (£ cos 0) g (£ cos 0)| 2 d(^ cos 6»)) 1/2 
^ C||/|| i i (Rv) ||G < sg|| L 2 (Rv) ||/i|| L 2 (Rv) . 

For the term I2, by using j2.9\ we have the following estimates which are also true for 
0< s < 1), 

72 " X X/ (0)|sin01 sin2 ( / 2 ) l G <^ sin0)(8 s m sin 0)| 
x |G tf (f cos0)g(f cos0)| (& 2s ' \h(&\ dfdff 

< Q\{ ■ /Gsglk-Wf) X/ (e) |Sm |! in S1 g"i/ ( 2 g/2) ^ ll*llfl*<M 

x( f |G tf (f sinfl)(a f /)(f sin ff)fd^ sniff)) 

JtLf 

< C\\(D v y'Gs g\\ LHRr) J' m ' sJ^i/f d6 H /i IIh"(r v ) 

x( f |G t ^sin0)(5 f /)(^sin0)| 2 ^sin0)) 

< CHG^H^'^IIGHv^lboR,,) PH^'fR,,) ■ 
Moreover, for a suitable function F, we have 

G s (vF) = vG tf F + [G,, v] F, 

and 

r([G tf , *]FX£) = i(d f G i j)(g)fi(&- 
Then the symbolic calculus ( 12. 7b implies that, for < 2s' < 1, we have 

(2.16) \\G S (v F)||^(R v) < C||G tf F||fl. (e v) 
for any a- > 0, then 

(2.17) l(/)l < c[\\f\\ Ll(K) + HG,/|| L?(Rv) )||G,sl|„ rflw \\h\\ H , (Kr) 



1/2 



1/2 
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On the other hand, for the term (77), we have 

d^GsiOM cos 6)) - (p { (Gg&M cos Q = \GM) ~ G s ({ cos 0)}(3 f £Xf cos 6) 
+ G s (0( cos 6 - l)(<9 f £)(£ cos 6) + {(d s G s )(£) - (8 s G s )(t cos 6)} #g cos 0) 
= A\ + Ai + A3. 

Thus 

|(/7)| <C f f 2 /3(0)|/(f sinfl)||Ai + A 2 + A 3 | rff «/0. 

jRf J-f 

We study now the above 3 terms on the right-hand side. By using i2.9h 
J £ m\f(£ sin 0)| |A t | \h(g)\ dtde 

< f sin 2 (0/2) |G a (f sin0)/(£sin0)| 

JRf J-f 

x \GM cos0)(d f £)(£ cos0)| {0 2s ' \kd\ d^dd 

fJ sin 2 (0/2) 
<C\\G s f\\ LHKv) J ^{9)j-^d0\\G s {vg)\\ H , (R J\h\\ H , (K) 

< C\\G s f\\ L 2 (K) \\G s (vg)\\ H ,> {Rv) p|| H ,'(R„) ■ 
The estimate ( 12.1 11 1 and cos — 1 = — 2 sin 2 (0/2) imply 

l m\f(£ sin0)||A 2 | dfrfe 

: f P /3(0) sin 2 (0/2) |Ga(? sin 0)/(£ sin 0)| 
J% J-f 

x |Ga(f cos 0) (<%£)(£ cos 0)| |/i(£)| df <W 

< C|IG>/IIlJ(r,,)IIG<s (v^)IIl 2 (r v ) IWIz,2(r v ) ■ 

Finally, the hypothesis < s < 1/2 implies (4-s' - 1) + < 2s', then ( 12.10l i yields, 
j f_[m\f(£ sin 0)| df<# 

<C I J /3(0) sin 2 (0/2) |G tf (£ sin0)/(£ sin0)| 

x <£> 2 ' 5 ' |G*(£ cos0)£(£ cos0)| |A| d%d0 

< Q\Gsf\\q^)\\Gsg\\ H ^) II^IIh^cRv) ■ 
By summing the above 3 estimates, ( 12.161 ) implies that 

(2-18) < CIIG^/II^JIGtfgll^ \\h\\ H ^ y) . 

Proof of Proposition ^. 5l is established. □ 

Remark 2.6. In the proof of estimate for the term I\ and the last term of (II), we have used 
crucially the restrict assumption < s < 1/2. 



If. 
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3. SOBOLEV REGULARIZING EFFECT OF WEAK SOLUTIONS 

We will first give an H +cx> -regularizing effect results for Kac's equation. The following 
Theorem is more precise than Theorem 1 . 1 of (131 where the homogeneous Boltzmann 
equation with Maxwellian molecules has been studied. 

Theorem 3.1. Assume that the initial datum /o 6 Ll 2 ^Llog and the cross-section 
ft satisfy M.2\ ) with < s < Iff e L°°(]0, +oo[; L\ +2s n LlogL(R)) is a nonnegative 
weak solution of the Cauchy problem rti.il >, then f(t, •) € H£°°(M)for any t > 0. 

Remark 3.2. 1) This is a H +x ' -smoothing effect results for the Cauchy problem, it is dif- 
ferent from that of Il7l ITT1 where their assumption is that all moments of the initial datum 
are bounded. 

2) The results oftheorem \3.1\ is also true if we assume the following Debye-Yukawa type 
collision kernel : 

I cos 01/ ,\m 

13(0) = Co 1 -— M loglC 1 ) , 0<m. 
| sin 6\ v ' 

To prove the Theorem l3.ll we use, as in T\3l , the mollifier of polynomial type 

M s ( t , o = (t) tN -\\+8\tfr N \ 

for < 6 < 1, t e [0, T ] and 2N = T N + 4. 

The idea is the same as the section 3 of MT3| , but now we need to estimate the commuta- 
tors with weighted (v) 2 . It is analogous to the computation of preceding section. We give 
here only the main points of the proof, 

Lemma 3.3. We have that for any < 6 < 1 and < t < Tq, £ € R, 

\d t M s (t,£)\<Nlog((&)M s (t,&. 

For -tt/4 < 6 < n/4, 

\M S (%) - M tf (£cos 6)\ < C sin 2 (6>/2)M 5 (^cos 0) , 
\(dfM s )(& - (dfM s X£cos8)\ <Csm 2 (8/2)(fy l Ms({cose), 

and 

\(d*M s )(%) - {d]M 5 ){% cos ff)\ < Csm 2 (e/2)^r 2 M s ^co&0), 
where the constant C depends on Tq,N, but is independents ofO < 8 < 1. 

We prove also this Lemma by using the Taylor formula, and for any k e N, 

|3|M a ©| < C k (&- k M s (a f 6 R 

with Ck depends on Tq,N, but is independents of < 6 < 1. Moreover, for the polynomial 
mollifier, we can substitute the inequality ( 12.111 ) by the following inequality, 

(3.1) M g (0 < CMd^cosO) , ~<9<^, 

here again C depending on A^o, T, and independents of 6 > 0. We have therefore 

Proposition 3.4. Assume thatO < s < 1/2, we have that 

|((v M s ) K(f, g), h) - (K(f, (v M s ) g), h)\ 
<C\\f\\ L i (R) \\Msg\\q m \\h\\ L 2 (R) , 
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and 

|(«v> 2 M s ) K(f, g), h) - (K(f, «v> 2 M s )g), h)\ 

^ C|l/llz,i(R) \\M S g\\ L i^)\\h\\mm> 

The proof of (13.2b is similar to ( 12.131 ) where we substitute Lemma |2~4| by Lemma [331 
and replace ( 12.111 ) by 13.11 . Consider now the estimate ( 13.3b . we have, as in the proof of 
the proposition ^. 51 

(2n) 1/2 {((v 2 M s )K(f,g), h)-(K(f,(v 2 M s )g), h)} 
= - f f 2 m sin 2 6(d 2 m sin We(Og(t cos 0) kj) d^dO 

JlRf J-f 

-2 f P 0(0) sin (%/)(£ sin 0) (d f (M s (?)g(£ cos 0))) dl-dQ 



I/' 

JH f J-f 



sin0){^(M 5 (^|(^ cos0)) - (d 2 {M s gM cosfl)} ft© 



= B\ + B 2 + B 3 . 

Then 

< C\\d 2 f\~ (R) \\M 6 g\\ L 2 (W) \\h\\ L 2 (tL) <C\\f\\ qm \\M S g\\ L 2 (R) \\h\\ L 2 (R) , 

and for < 2s < 1, 

\Bi\ <C\\f\\ L[m (\\M 6 g\\ L 2 (R) + \\M d (vg)\\ L 2 (m )\\h\\ L 2 (R) . 

The term B3 is evidently more complicate, but the idea is the same, we omit here their 
computations. 

Using the continuous embedding 

L l ( (R) c H(\R), 
the upper bounded (12. 3t with m = -2, £ = 2 and < 2s < 1 imply , 

^IIh-^r,,) < C\\8\\q +2 ^)\\h\\ H -^'(,R v ) ^ C||^|| l i +2i(Rii) l|/i|| t i +2s(R „) ■ 

Let / e L°°(]0, +oo[; L 2+2j (R)) be a weak solution of the Cauchy problem (ll. Il l, then we 
can take 

/1 = M*(f, D v ){v) A M s {t, D v )f e L°°([0, r ]; tf 5 2+2j (R)) , 
as test functions of the Cauchy problem ll.lt . By using similar manipulations as in |[T3l , 
we can obtain the regularity with respect to t variable, to simplify the notations we suppose 
that/i € CH[0,r ];#£ 2+2j (R)). We have 

(d t fit,-),m-)) Ll ^ = (Kif, a/i), 2(Rv) . 

Then Lemma [3~3l Proposition |3.4| the coercivity estimate 12. 11 ) and the conservations 11.61 ), 
CE3, ( fL8l ) imply that 

^11^/(01^) + c/„HM ff /(/)||| J(Rv) 
^C/Jllog'^dA.DM^OH 2 ,^, + C||/o|| 4(R) ||M (5 /(f)|| 2 ?(R) . 
We now use the following interpolation inequality, for any small e > 
(3.4) || log 1/2 (|D v |)M a /(/)||2 < ellM./COH^^) + C s \\M s f(t)\\ 2 
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Then for t e [0, To], 

j t \\M S f{t)t lAm <C x IIA/./WII^ 
where C\ depends on To,N, but independents of < 8 < 1. So that for t e [0, To], 

We have therefore proved for t e [0, To], 

(1 + \D v \ 2 ) tN ~ l f(t, •)£#). 
Since we can choose arbitrary N > and To > 0, we have proved Theorem |3.1| 

4. Gevrey regularizing effect of solutions 

Theorem 13.11 implies that the weak solution of the Cauchy problem dl.lt satisfies / € 
L°°([fo, To[; HUW)) for any fo > 0. Then / is a solution of the following Cauchy problem : 

% = K(f,f), veR,t>t , 
f\,=, = /(fo, ■ ) e Hl(R). 

We now study the local Gevrey regularizing effect of the Cauchy problem, and suppose 
that the initial datum is fo G n L^fK). We state this result as the: 

Theorem 4.1. Assume that the initial datum fo e H^ftL^K), and the cross-section /3 satisfy 

(E3 with < s < \. For T > 0, iff € L°°([0, T ]; H\ n L\(R)) is a nonnegative weak 

solution of the Cauchy problem ( 17.71 ), then for any < s' < s, there exists < T t < To 
i 

such that f(t, •) 6 G 1 ' (W) for any < t < T. t . More precisely, there exists Co > 0, 

e Co ' <D ' >2 '7 6 L°°([0, rj; Li(R)). 

Remark 4.2. 77ie above Gevrey smoothing effect property of Cauchy problem is for any 
weak solution f 6 L°°([0, 7o]; H\ n L^CR)), *o f/iaf we don't need to use the uniqueness of 
solution for Kac's equation. 

We prove the above theorem by construction of a priori estimates for the mollified weak 
solution. Take / € L°°(]0, T [; H\ n L\(W)) to be a weak solution of the Cauchy problem 
dl.lt . then d2.3b with m — I — implies that, (recall the assumption < s < 1 /2) 

K(ff)eL~(]0,T Q [;L 2 (R v )). 

So that we need to choose a test function tp 6 C l {[0, To]', L 2 (R. V )) to make sense 

(K(f, /), <p) LHK) . 

The right way is to choose a mollified weak solution /, we first have 

f{t, ■) = (G s (t,D v )(v) 2 G 6 (t,D v )f)(t, ■) e L~(]0,T [; H\R)). 

Here again we suppose that / € C'([0, To]; H l (R v )), and study the equation of dl.lt in the 
following weak formulation 

(4.D (dtf(t, •). f(t, -)) i2(Rv) = (K(f, f), 4 2(Rv) - 
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First, the left hand side term is 

-((d t G s )(t,D v )f(t, •), G s (t,D v )f(t, 
-(v(d t G s )(t,D v )f(t, ■), vG s (t,D v )f(t,-)) Ll(fL) . 

Then we estimate the two terms on right hand side by using the following lemma. 

Lemma 4.3. There exists C > such that 

(4.2) \((d,G s )(t, D v )f(t, ■ ), G s (t, D v )f(t, ■ )) i2( J < C\\G 5 /II* /(Ry) , 
and 

(4.3) \(v(d t G s Xt,D v )f(t, ■ ), vG s (t,D v )f(t, ■ )) L2( J < Q\Gs ff H( ^ y 

Proof. ( |4.2t can be deduced directly from ( 12. 6t by using the Plancherel formula. 
For (14.31 1. we have 



<(d t G s ){t,D v )f{t,-), vG s (t,D v )f(t, ■)) 



<c(0 2s '. 



L 2 (R,,)I 

<C f <^) 2 ' 5 ' \d ( (G s (t,&f(t,&)\ \r(vG s f)(t,t)\c% 
Jr 1 1 

where we use the fact that 

Hence Lemma l4~3l is proved 

Then ( 14.11 ) and Lemma POl give 
(4.4) ' Al ' 2 
On the other hand, we have 

=(*(/, G,/),G,/) L2(R) + (W, vG,/),v G ,/) l2(Rv) 
+ (G^(/, /) -*(/, <?*/), G,/) /2(iu 
+ ("G«W, /)-*(/, vG ff /), vG,/) l2(r) . 
Then Proposition 12.51 implies 

\(G s K(f, f)-K(f, G s f), G s f) L2 ^j<C\\Gsf\\ m JG s f\\ 2 HS ,^ } 



\i\\Gsf(0\\ 2 Lj(R ,-{K(f, /), 4 2(Rv) < QQtftf^ 
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and 

\(vG s K(f, f)-K(f, vG s f),vG s f) L2(R J 

< C (||/|| i!(R) + \\G e f\\ Llm ) \\Gsf\\ 2 H(m . 

The Proposition ^. 1 l implies 

-(K(f, G s f),G s f) > Cf\\G s f\\ 2 mRr) - CH/II^^IIC/II^^, 

-(K(f, vG s f), vG s f) > c/llvGtf/llip^, - C||/|| Ll(Rv) ||vG a /|£ 2(Iw . 

Since 

\\G s f\\ 2 w < \\G s f\\ 2 mRv) + WvGsfWl^ + CIIGa/H^, 
By summing all the above estimates and (14.4b , we obtain 

^IIGi/Wll^^j+cvwIIC/WII^^) 

(4.5) < Q\G s f(t)\\ 2 H((R ) + C||/WIIl.(r„)I|G,/WII^. ) 

+ C (||/(0IIl!(r) + IIG tf /WII/. ?( R,) IIG./WII^^. 

End of proof of Theorem l4.ll 

By using ( 11.6b and ( 11. 7t . we have 

ll/(*)lb(R v ) + II/(OIIl>(R„) < CII/oll^), c /w > c /o > 0. 

Then (g3]l yields 

|llG a /«lli f(Rv) + c /0 ||G 5 /a)||^ (Rv) 
< C /o ||G a /(Ol| r(Rf) + C ||G,/(/)|| L?(R) l|G,/(f)ll^ w . 
We now need the following interpolation inequality, for < s' < s and any A > 0, 

(4.7) \\uf H , < A\\uf HS + A-^\\uf L2 . 

Then for any small s > 0, 

C /0 ||G 5 /(f)ll^ (Rv) < s\\G s f(t)\\ 2 H . l(Rv) + C B , f0 \\G s f(t)\\ 2 Ll(K) 

and 

C \\Gsf{t)\\ L 2 (K) \\G s f(t)\\ 2 H((K) < e||G,/WII^ (Rv) + C s \\G s f(t)\\^. 
We finally get from ( 14.6t ,that for any < s and < s' < s, there exists C E > such that 

|||G,/(0lli ?(Rv) + ( C/0 -2 e )||G,/||^ ) 

^C^\\p e f(t)f^ )+ C e \\Q 6 fm^ 2 . 
We choose < 2s < Cf , we get 

(4.8) ^IIGtf/COII^CB.) < CiHGff/WII^) + CallGj/WII^J 1 , t e [0, To], 
with C\, C% > and independent of 6 > 0. Then 

j t {e- C, '\\G s f(t)\\ L 2 (%) ) < C 2 e^\e-^ t \\G s f{t)\\ q ^^f 7+X 
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where Ci = thus for t e]0, T ] 
So that, for < 5 < 1, 

Cx ^'II/oIUr,,) 



l|G,/(0IL ?(R>) ^ ; ^ • 

(ci+dci-^oiiybii^J' 

We now choose < T„ < To small enough so that 

(Ci + C 2 (l - ^'Oll/oll^))^ > C 3 > 0, re [0, FJ, 
then by compactness and by taking limit 6 — > 0, we have for f e [0, T.], 

We therefore have proved Theorem |4.1| 

5. Radially symmetric Boltzmann equations 

We consider now the Boltzmann collision operators (ll.lOl i. In the Maxwellien case, the 
Bobylev's formula takes the form 

(5.1) T(Q(g, /))<£) = £b ||| • cr) {t(r)/(0 - £(0)/(£)} do- 

where £ G 



S3 



On the other hand 



1 + 777 ■ 0" 1 — • (T 

iri 2 = i^i 2 — l i r p = |^ 



2 2 
so that if we define by 

cos 9 = — ■ cr, 

we obtain 

|^ + | 2 = |^| 2 cos 2 (|) , |^-| 2 = |^| 2 sin 2 (|) . 

We now consider the radially symmetric function with respect to v e R 3 , namely the 
function satisfy the property 

h(v) = h(Av), v € R 3 

for any proper orthogonal 3x3 matrix A, then h{v) = h{0, 0, |v|). Denote by T&s the Fourier 
transformation in R 3 and Tr> the Fourier transformation in R 1 . Then Ts?(h)(£) is also 
radially symmetric with respect to £ e R 3 , and it is in the form 

r R 3(A)(^) = r R 3(A)(o,o,ifi)= f <r i|f|V3 (f h( Vl ,v2,v 3 )d Vl dv2\d V3 . 

Jr \Jr 2 / 

So that 

(5.2) 7S 1 Cr R? (A)(0,0,-)X")= f A(vi,V2,«)rfvirfv2 

Jr 2 
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is an even function in R, and we have 

Lemma 5.1. Assume that h e L|(R 3 ),/z > is a radially symmetric function for certain 
k > 0, and uniformly integrable in R 3 , then 

is a nonnegative even function, and uniformly integrable in R 

Proof By using (ED, it is evident that h e L^R 3 ) implies T~*(T&(h)(0,0, ■ )) 6 L*(R), 
and h > implies 'F Rl 1 (^ r R3(/!)(0, 0, ■ )) > 0. Hence we need only to check the uniform 
integrability of T^(f R i(h)(0, 0, • )) in R. Since h e L^R 3 ), for any e > 0, there exits 
/?o > such that 



f 

Jive 



e 

|n(vi,V2,v 3 )|dVidV2dV3 < -. 

|v|>R ) 
»3 



The uniform integrability of h in R imply that, there exists 5\ > such that 

s 

l«(vi, v 2 , v 3 )|dvidV2flV3 < -, 

for any B c R 3 with |B| < ft. Choose new (5 = S^Rfy' 1 , then for any A c R, if |A| < d , 
we have 

f \T R ?(T R i(hmO,-))(u)\du< f \h(vi,V2,v 3 )\dndv 2 dv 3 

J A JK?xA 

r s 

< I \h(vi, v 2 , vj)\dv\dv2dv^ H — < e, 

J((i'i,v'2,i'3)eR 3 ; |vi|<i?o,|v2|<«o,V3&A) 2 

|{(vi,v 2 ,v 3 ) e R 3 ; |vi| < R ,\v 2 \ < R ,v 3 e A}\ < R 2 \A\ < 8 { . 



because of 



Remark 5.2. In the proof of above Lemma, ifh e L log L(R 3 ) then h is uniformly integrable 
in R 3 with 5\ depends only on s, ||/z||LiogL(R 3 ) ond ||/z||z,i(R 3 )- Therefore, (T%3 (h)(Q, 0, •) 
is uniformly integrable in R 1 with 6q also depends only on s, PHz,i gL(R 3 ) an d H^IL'tR 3 )- 

End of proof of Theorem [T3] 

Suppose now g e L°°(]0, +°o[; L\ +2s n LlogL(R 3 )) is a non negative radially symmetric 
weak solution of the Cauchy problem dl.9t . Setting, for t > 0, u e R, 

(5.3) f{t,u) = r^(fw(g)(t,0,0, •))(«)= f g(t,v l ,v 2 ,u)dv l dv 2 , 

Jr. 2 

hereafter, the time variable t is always considered as parameters for the Fourier transfor- 
mation, then f(t, u) is an even function with respect to u e R, and 

f{t, t) = T F j {fit, ■ ))(t) = ^(g)(f, 0, 0, r). 

So that the Bobylev's formula ( 15.11 ) give, for £ e R 3 , 

(5.4) r R 3(e(g, gM) = p y8(|e|) {/(?, Ifl sin(0/2))/(f, |f| cos(0/2)) - /(f, 0)/(f, |f |)} ^ 
where 

^8(16)1) = i|sin6»|£(cos6»). 
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Then the right hand side of ( 15.41 is Fourier transformation of Kac's operator K(f,f). We 
have proved that if git, v) is a non negative radially symmetric weak solution of the Cauchy 
problem ( 11.91 ), then fit, u) is a weak solution of the Cauchy problem of Kac's equation : 



(5.5) 



%(t, U ) = K(f,m,u), 



f(0, u) = f (u) = ^ 2 g (vi , v 2 , u)dv\dv 2 
or equivalently in the Fourier variable: 
( d l 

I /(0,t) = /o(t) = £o(0,0,t) 



at it, t) = p(\6\) {f(t, t sin(0/2)) f{t, t cos(0/2)) - fit, 0)fit, r)j dfl, 



Under the assumption of Theorem 1 1.3 1 for git, v), Lemma [BTTI and Remark I3T21 implies 
that fit, u) satisfy the hypothesis of Theorem l 1.11 except / belong to L log L which substi- 
tuted by the uniform integrability of / = /;(■) in K.. As it is point out in the Remark l2~2l 
this property is enough to assure the coercivity d2.lt . Then we apply Theorem 1 1.1 1 to the 
Cauchy problem ( 15.51 ), thus there exists T t > such that for < t < T m , 



e cMTl)2s ' f\t,r) = e c °'< |T|>2 V R 3(g)(f,0,0,T) e H\R T ). 



It remain to prove the Gevrey smoothing effect in the global time interval. Kac's equation 
shares with the homogeneous Boltzmann equation for Maxwellian molecules the exis- 
tence and uniqueness theory for the Cauchy problem, see |fl5l for the uniqueness of weak 
solution for the non-cut-off Boltzmann equation. We take < to < t\ < T*, and con- 
sider the Cauchy problem ( 15.51 ) with even initial datum /(/i,t). The Sobolev embedding 
H l (W) c L°°(R) imply that 

l|e C0 ' l( ' >2S '/(/i, Olli-ff) < C\\e c °'^' fih, -)\\ H i m 

< C|k c °"< |D " l>2/ /(fi, ■)llz ?(W <+« 

Now the following propagation of Gevrey regularity results deduces the Gevrey smoothing 
effect in the global time interval. 

Theorem 5.3. (Theorem 2.3 of (8)) 

Let fo be a non negative, even function, satisfying 

SU P (|/o(£)| e C '« >2 ') < +oo, 

for some C\ > and the cross-section fi satisfying ( 17.21 ) with < s < 1. Then the solution 

i 

of the Cauchy problem ( 17.71 ) satisfies fit, ■ ) £ G " (R))/or any t > 0. 

In conclusion, if g € L°°(]0, +°o[; 2 D LlogL(R 3 )) is a non negative radially sym- 
metric weak solution of the Cauchy problem dl.9l ), then under the assumption of Theorem 
11.31 we have proved that for any fixed < t < +oo, there exists cq > such that 



e cMD "^ fit, •) e L 2 (R) 
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where / is the function defined by ( 15. 3b . We can finish now the proof by the following 
estimations, for fixed t > 0, 

\\e^ D ^g(t,-)\\> = f le^rvW-eubM 2 *? 



|^ <lfl>2 V R 3(g)(f, o.o, id # 



I c ' |2 
= C «Tfr>"/( tfT ) T 2rf T 

Jo 1 1 

J— B , / i2 

e f0<T> "/(f.T) c/t 
o 1 1 

< C\\e c ^ )2 °' f(t, <+oo. 



We finished the proof of Theorem ll.3 
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